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We show two examples of operators acting on some Hilbert space and having invariant
domains: a paranormal operator, which is not closable and a paranormal and closable op-
erator, which closure is not paranormal. We start by establishing some general lemmas and
propositions associating the families of operators mentioned above.
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0. Introduction
The notion of a paranormal operator dates back to 1960s and is due to V. Istra˘t¸escu – in [4] he named them “operators
of class N”. T. Furuta in [2] introduced the term “paranormal operators”. This class can be seen as a generalization of other
important classes: hyponormal operators (i.e. T satisfying T ∗T − T T ∗  0) and subnormal and normal operators (as every
(sub)normal operator is hyponormal). In subsequent years paranormal operators have been the subject of further research:
for example we know [3] that a paranormal operator T is compact if and only if Tn is compact for some n ∈ N. Moreover,
compact paranormal operator is normal and if T is paranormal (and invertible), then T−1 also is [5]. We know [2] that if
T is paranormal, then for every n 2, Tn is also paranormal. Many topological properties of paranormal operators have been
studied in [7]. There appeared also a number of papers on connection between paranormality and spectra of operators, e.g.
we know [6] that every paranormal operator has its norm equal to spectral radius and that a paranormal operator which
spectrum is contained in the unit circle is always unitary [5]. In [1] the link between paranormal, normaloid and essentially
normal operators has been shown. Paranormality appears also to be an important property when studying various problems
in operator theory (see e.g. [8]).
It is therefore quite surprising that the questions of the closability and the properties of the closure of the paranormal
operators still have been opened. For subnormal as well as for hyponormal operators it is known that they are closable, and
moreover, the closure of the subnormal (hyponormal) operator is also subnormal (hyponormal), respectively. These results
allow to reduce the studies of these classes of operators to closed operators only. So the question whether analogous results
hold for paranormal operators appears quite natural and important.
In this paper we ﬁll this gap and give negative answer to both questions. We provide two examples of operators acting
on some Hilbert space: a paranormal operator, which is not closable and next a paranormal and closable operator, which
closure is not paranormal; both operators have invariant domains.
1. Basic deﬁnitions
Fix K as one of the ﬁelds: R or C. All spaces appearing in the paper will be considered over the ﬁeld K.
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A. Daniluk / J. Math. Anal. Appl. 376 (2011) 342–348 343Here and subsequently {ei}∞i=1 denotes a canonical basis in a Hilbert space l2 of square-summable sequences.
K
n denotes here the n-dimensional space embedded into l2, i.e.:
K
n = span(e1, e2, . . . , en).
Sn−1 is a unit sphere in Kn , i.e.
Sn−1 = {x ∈ Kn: ‖x‖ = 1}.
c00 is the space of ﬁnitely nonzero sequences, we can write it as
c00 =
∞⋃
n=1
K
n.
Deﬁnition 1.1. A linear operator A : D(A) ⊂ H → H, where H is a Hilbert space, is paranormal if
‖Ax‖2  ‖x‖∥∥A2x∥∥, x ∈ D(A2).
Remark 1.2. Some authors use the following deﬁnition:
A bounded linear operator A on a Hilbert space H is called paranormal if ‖A2x‖ ‖Ax‖2 for every unit vector x ∈ D(A2),
which is obviously equivalent to Deﬁnition 1.1.
Deﬁnition 1.3. A linear operator A : D(A) ⊂ H → H is closable if the closure of its graph in H ⊕ H is the graph of some
operator (called the closure of A).
Remark 1.4. A linear operator A : D(A) ⊂ H → H is closable if and only if for every sequence (xn) in D(A), tending to zero,
it holds
lim
n→∞ Axn = y 	⇒ y = 0.
We also introduce a Hilbert space
H =
∞⊕
n=1
l2 =
{
(x1, x2, . . .): xi ∈ l2,
∞∑
i=1
‖xi‖2 < ∞
}
and its dense subspace
D =
∞⊕
n=1
c00 =
{
(x1, x2, . . .): xi ∈ c00 and x j = 0 for almost every j
}
.
Deﬁnition 1.5. We will call a linear operator A : c00 → c00
(i) diagonal if Aen = anen for all n, where an ∈ K\{0},
(ii) subdiagonal if Aen = an1e1 + · · · + annen for all n and for some an1, . . . ,ann ∈ K, ann = 0.
Remark 1.6.
(i) An operator A is subdiagonal if and only if AKn = Kn for all n,
(ii) a diagonal operator is closable.
2. Paranormal, closable, diagonal and subdiagonal operators – lemmas and propositions
In this section we prove a few lemmas and propositions which will provide the tools for our main examples.
Proposition 2.1. Let A1, A2, . . . : c00 → c00 be linear operators. Deﬁne A : D → D by:
A(x1, x2, . . .) = (0, A1x1, A2x2, . . .).
Then
(i) A is closable in H if and only if each A j is closable in l2 ,
344 A. Daniluk / J. Math. Anal. Appl. 376 (2011) 342–348(ii) if for all j ∈ N and for all x ∈ c00
‖A jx‖2  ‖A j+1A jx‖‖x‖, (2.1)
then A is paranormal.
Proof.
(i) The proof is immediate by deﬁnition.
(ii) For x = (x1, x2, . . .) ∈ D we have A2x = (0,0, A2A1x1, A3A2x2, . . .). Hence
∥∥A2x∥∥2 = ∞∑
j=1
‖A j+1A jx j‖2.
Also
‖Ax‖2 =
∞∑
j=1
‖A jx j‖2 
∞∑
j=1
‖A j+1A jx j‖‖x j‖

( ∞∑
j=1
‖A j+1A jx j‖2
)1/2( ∞∑
j=1
‖x j‖2
)1/2
= ∥∥A2x∥∥‖x‖
(the ﬁrst inequality follows by the assumption, the second is the Schwarz inequality) and (ii) is proved. 
Lemma 2.2. Let A : c00 → c00 be a subdiagonal operator. Then there exists a diagonal operator B : c00 → c00 , such that for all x ∈ c00
‖Ax‖2  ‖B Ax‖‖x‖. (2.2)
Proof. Choose any real sequence (cn) such that 0 < c1 < c2 < · · · < 1.
We will show existence of an operator B , satisfying condition more restrictive than needed, namely such that
‖Ax‖2  cn‖B Ax‖, x ∈ Sn−1 (2.3)
for all n.
B is diagonal, hence it is determined by a sequence (βn), βn = 0, such that Ben = βnen .
We now construct this sequence by induction.
A is subdiagonal, which implies that Aen = αnen + fn for some αn = 0, fn ∈ Kn−1 ( f1 = 0).
Moreover, for all n ∈ N A|Kn−1 is invertible, hence fn = Agn for some gn ∈ Kn−1.
For n = 1 it suﬃces to set β1 = |α1|c1 .
Assume that (2.3) holds for some n 1. We will ﬁnd βn+1 such that (2.3) holds for n+1. Let x ∈ Sn . Then x = px′ +qen+1
for some x′ ∈ Sn−1 and p,q ∈ K such that |p|2 + |q|2 = 1. Hence
Ax = pAx′ + qAen+1 = pAx′ + qfn+1 + qαn+1en+1
= A(px′ + qgn+1)+ qαn+1en+1 = Ax′′ + qαn+1en+1,
where x′′ = px′ + qgn+1 ∈ Kn .
Set
mn := inf
{
‖Ay‖: y ∈ Kn, ‖y‖ 1
2
}
and
Mn+1 := sup
{‖Ay‖2: y ∈ Sn}.
Note that by invertibility and continuity of A|Kn we have mn > 0. Obviously Mn+1 is also positive.
Fix ε > 0 satisfying inequalities:
(
1+ ε‖gn+1‖
)(
1+ |αn+1|
2
m2n
ε2
)
 cn+1
cn
(2.4)
and
ε <
1 · 1 . (2.5)
2 1+ ‖gn+1‖
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βn+1 = Mn+1
cn+1ε|αn+1| . (2.6)
In order to show that βn+1 is such that (2.3) holds for n + 1, we will consider the two following cases:
1. Let |q| < ε. Then |p| =√1− |q|2 > √1− ε2 > 1− ε.
According to the above remark and by (2.5), we have∥∥x′′∥∥ |p|∥∥x′∥∥− |q|‖gn+1‖ (1− ε) − ε‖gn+1‖
= 1− ε(1+ ‖gn+1‖) 1− 1
2
= 1
2
.
Hence∥∥Ax′′∥∥mn.
It follows that
‖Ax‖2 = ∥∥Ax′′∥∥2 + |q|2|αn+1|2  ∥∥Ax′′∥∥2 + ‖Ax′′‖2
m2n
|αn+1|2ε2
=
(
1+ |αn+1|
2
m2n
ε2
)∥∥Ax′′∥∥2.
On the other hand∥∥x′′∥∥ |p|∥∥x′∥∥+ |q|‖gn+1‖ 1+ ε‖gn+1‖.
Moreover
B Ax = B Ax′′ + qαn+1βn+1en+1,
hence, due to orthogonality of the summands, ‖B Ax‖ ‖B Ax′′‖. From the induction hypothesis∥∥Ax′′∥∥2  cn∥∥B Ax′′∥∥∥∥x′′∥∥ cn(1+ ε‖gn+1‖)‖B Ax‖.
Hence ﬁnally
‖Ax‖2  cn
(
1+ ε‖gn+1‖
)(
1+ |αn+1|
2
m2n
ε2
)
‖B Ax‖.
By (2.4) we get ‖Ax‖2  cn+1‖B Ax‖.
2. Let |q| ε. Then we have
‖B Ax‖ |q||αn+1||βn+1| ε|αn+1||βn+1|,
hence by deﬁnition of Mn+1 and (2.6) we obtain
‖Ax‖2  Mn+1  cn+1‖B Ax‖.
This completes the proof. 
Lemma 2.3. Let A1, A2 : c00 → c00 be linear operators, satisfying
‖A1x‖2  ‖A2A1x‖‖x‖ for all x ∈ c00
and let A2 be subdiagonal. Then there exist diagonal operators A3, A4, . . . : c00 → c00 such that a linear operator A : D → D given
by
A(x1, x2, . . .) = (0, A1x1, A2x2, . . .)
is paranormal. Furthermore, A is closable if and only if A1, A2 are closable.
Proof. The existence of A3, A4, . . . satisfying (2.2) follows from Lemma 2.2 if we put consecutively A = An , B = An+1 for
n = 2,3, . . . (note that every diagonal operator is also subdiagonal).
The paranormality of A follows from Proposition 2.1(ii).
The criterion of closability follows from Proposition 2.1(i) and Remark 1.6(ii) (we only need to know whether A1 and A2
are closable, because A3, A4, . . . , as diagonal, are). 
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Below in Examples 3.2 and 3.4 we construct two operators: a paranormal, yet not closable, and a paranormal and closable
one, which closure is not paranormal.
Lemma 3.1. Let A1, A2 : c00 → c00 be linear operators, deﬁned on a canonical basis:
A1e1 = 0, A1en = en, n 2,
A2en = e1 + en, n 1.
Then A1, A2 satisfy assumptions of Lemma 2.3, i.e. A2 is subdiagonal and for all x ∈ c00 , ‖A1x‖2  ‖A2A1x‖‖x‖.
Proof. Obviously A2 is subdiagonal.
For any x1, . . . , xn ∈ K and x = x1e1 + · · · + xnen we have
A1x = x2e2 + · · · + xnen,
A2A1x = (x2 + · · · + xn)e1 + x2e2 + · · · + xnen = A1x+ (x2 + · · · + xn)e1
and terms A1x and (x2 + · · · + xn)e1 are orthogonal, hence
‖A2A1x‖ ‖A1x‖
and
‖A1x‖2  ‖A1x‖‖x‖ ‖A2A1x‖‖x‖. 
Example 3.2. Let A1, A2 be linear operators deﬁned in Lemma 3.1 and let A be the linear operator, considered in Lemma 2.3.
Then A is paranormal, has invariant domain, but is not closable.
Proof. The paranormality of A follows from Lemmas 3.1 and 2.3.
Moreover A2 is not closable (which, according to Lemma 2.3, shows that A is not closable either), because taking
xn = 1
n
(e1 + · · · + en)
we get xn −→
n→∞0, while A2xn = e1 + xn −→n→∞ e1 = 0. 
Lemma 3.3. Let A1, A2 : c00 → c00 be linear operators, deﬁned on a canonical basis:
A1en = e2n, n 1,
A2e1 = e1,
A2e2n = ne2n, A2e2n+1 = e2n+1 − (e2 + e4 + · · · + e2n), n 1.
Then A1, A2 satisfy assumptions of Lemma 2.3, i.e. A2 is subdiagonal and for all x ∈ c00 , ‖A1x‖2  ‖A2A1x‖‖x‖.
Proof. Obviously A2 is subdiagonal.
For any x1, . . . , xn ∈ K and x = x1e1 + · · · + xnen we have
‖A1x‖ = ‖x‖, ‖A2A1x‖2 =
n∑
k=1
|kxk|2 
n∑
k=1
|xk|2 = ‖x‖2,
hence
‖A1x‖2 = ‖x‖‖x‖ ‖A2A1x‖‖x‖. 
Example 3.4. Let A1, A2 be linear operators deﬁned in Lemma 3.3 and let A be the linear operator, considered in Lemma 2.3.
Then A is paranormal and closable, has invariant domain, but A is not paranormal.
Proof. The proof will be divided into 3 steps:
(i) The paranormality of A.
It follows from Lemmas 3.3 and 2.3.
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The closability of A1 is obvious (since A1 is an isometry).
To show the closability of A2 we take x ∈ c00 of the form
x =
∑
n1
une2n +
∑
n0
wne2n+1.
We have
A2x =
∑
n1
nune2n +
∑
n0
wne2n+1 −
∑
n1
wn
∑
1kn
e2k
=
∑
n1
nune2n +
∑
n0
wne2n+1 −
∑
k1
(∑
nk
wn
)
e2k
=
∑
n1
(
nun −
∑
kn
wk
)
e2n +
∑
n0
wne2n+1.
Hence
〈A2x, e2n+1〉 = wn = 〈x, e2n+1〉, 〈A2x, e2n〉 = nun −
∑
kn
wk
and
〈A2x, e2n+2 − e2n〉 = (n + 1)un+1 − nun + wn
= 〈x, e2n+2〉 + n〈x, e2n+2 − e2n〉 + 〈x, e2n+1〉. (3.1)
Take x(m) −→
m→∞0 such that A2x
(m) −→
m→∞ y for some y ∈ l
2.
Then for each n ∈ N
lim
m→∞
〈
x(m), e2n+1
〉= 0, lim
m→∞
〈
A2x
(m), e2n+1
〉= 〈y, e2n+1〉,
while for all n ∈ N we have 〈A2x(m), e2n+1〉 = 〈x(m), e2n+1〉, which yields 〈y, e2n+1〉 = 0. Similarly, by (3.1), we have
〈y, e2n+2 − e2n〉 = lim
m→∞
〈
A2x(m), e2n+2 − e2n
〉
= lim
m→∞
(〈
x(m), e2n+2
〉+ n〈x(m), e2n+2 − e2n〉+ 〈x(m), e2n+1〉)= 0,
and so 〈y, e2n+2〉 = 〈y, e2〉 for all n. This, in view of the square summability of the Fourier coeﬃcients of y, yields
〈y, e2n〉 = 0 for all n. As a consequence, we get y = 0, which proves the closability of A2.
(iii) The non-paranormality of A.
Let
xn =
n∑
k=1
1
k
ek, yn =
n∑
k=1
1
k
e2k.
Obviously xn ∈ c00 and yn = A1xn . Moreover
xn −→
n→∞ x =
∞∑
k=1
1
k
ek ∈ l2,
yn −→
n→∞ y =
∞∑
k=1
1
k
e2k ∈ l2,
hence A1x = y.
Set y′n = yn + e2n+1. Then
A2 y
′
n = A2 yn + A2e2n+1 =
n∑
k=1
1
k
A2e2k + e2n+1 −
n∑
k=1
e2k
=
n∑
e2k + e2n+1 −
n∑
e2k = e2n+1.
k=1 k=1
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y′′n =
1
n
(
y′1 + · · · + y′n
)= 1
n
n∑
k=1
yk + 1n
n∑
k=1
e2k+1.
Since limk→∞ yk = y, we also have
lim
n→∞
1
n
n∑
k=1
yk = y.
Because
lim
n→∞
1
n
n∑
k=1
e2k+1 = 0,
we get also limn→∞ y′′n = y. On the other hand
A2 y
′′
n =
1
n
n∑
k=1
e2k+1 −→
n→∞0,
hence y ∈ D(A2) and A2 y = 0.
For x,y ∈ D such that x = (x,0,0, . . .), y = (0, y,0,0, . . .) we have x ∈ D(A2), Ax = y, Ay = 0 and, as a consequence,
A2x = 0. Therefore inequality
‖Ax‖2  ∥∥A2x∥∥‖x‖
cannot be satisﬁed, unless y = Ax = 0, which does not hold.
This contradicts the paranormality of A. 
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